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( ) , 3 $\mathbb{R}^{3}$
. $n$ $n$- , 1-
( 1, 2).
1: 2:Borromean
, 2 $($ $)$
. , ,
[8] [5] . , [5] Alexander
Alexander .
$($ $)$ , .
, . , ,
. .
21( , ) $L\subset \mathbb{R}^{3}$ , $\mathbb{R}^{3}-L$ $p$ ,
. ,
$G(L):=\pi_{1}(\mathbb{R}^{3}-L,p)$
$=\{f$ : $([0,1], \{0,1\})arrow(\mathbb{R}^{3}-L,p)|f$ }/ ( )
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, $G(L)$ $p$ . ( $G(L)$ )
$L$ . , $L$ $G(L)$ $L$ .
, . , 2
$L_{1},$ $L_{2}$ ,






2.2 (Wirtinger ) $K$ 1 .
(1) .






$f_{fi|J}$ :2, $1,$ $-3,$ $-1$ ,
$x_{2}x_{1}x_{3}^{-1}x_{1}^{-1}$ .
, $K$ $($ $)$




Alexander 1920 , .
, ,
. , $\Gamma$ , $\mathbb{Z}\Gamma$ $\Gamma$ .
fi $\{x_{1}, \ldots, x_{l}\}$ ,
$\frac{\partial}{\partial x_{1}}:F_{l}arrow \mathbb{Z}F_{l}$ $(i=1, \ldots,l)$
$\frac{\partial e}{\partial x_{i}}=0$ ( $e\in$ fi ), $\frac{\partial x_{j}}{\partial x_{1}}=\delta_{i,j}$ , $\frac{\partial uv}{\partial x_{i}}=\frac{\partial u}{\partial x_{t}}+u\frac{\partial v}{\partial x_{1}}$ $(u, v\in fi)$
$([2|$ $)$ . Leibniz
.
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, $G$ , $\langle x_{1},$ $\ldots,x_{l}|r_{1},$ $\ldots,$ $r_{m}\rangle$ $r_{i}$
$(i=1, \ldots,m)$ $x_{1}^{\pm},$
$\ldots,$
$x_{l}^{\pm}$ . , $r_{i}$ $\{x_{1}, \ldots, x_{l}\}$
,
$( \frac{\partial r_{j}}{\partial x_{\dot{\iota}}})_{i_{1}j}\in M(l,m;\mathbb{Z}F_{l})$
. $\rho_{G}$ : $\mathbb{Z}f|arrow \mathbb{Z}G$ Jacobi
$J_{G}:= \rho c(\frac{\partial r_{j}}{\partial x_{i}})_{i,j}\in M(l,m;\mathbb{Z}G)$
. , $\beta G$ $\rho_{G}$ . , $H$ $:=G^{ab}/torsion$
( $G^{ab}$ $;=G/[c,q$ $G$ ) , $\alpha$ : $\mathbb{Z}Garrow \mathbb{Z}H$ , Alexander
$A_{G}:=u \circ\rho q(\frac{\partial r_{j}}{\partial x_{i}})_{i_{1}j}\in M(l,m;\mathbb{Z}H)$
. , $H\underline{\simeq}\mathbb{Z}^{n}=\langle t_{1},$ $\ldots,t_{n}|t_{i}t_{j}t_{i}^{-1}t_{j}^{-1}1\leq i,j\leq n\rangle$ , $\mathbb{Z}H$ $n$-
Laurent . ( , $G$ n. $H\cong \mathbb{Z}^{n}$ ) $\mathbb{Z}H$
, $A_{G}$ $(l-1)$- $\Delta(G)$
. $\Delta(G)$ , $\pm H$ $G$ , $G$
.
3.1 (Alexander [1]) $\Delta(G)$ $G$ Alexander .
32 $K$ , 22
$G(K)=\{x_{1},x_{2},x_{3}|x_{1}x_{3}x_{2}^{-1}x_{3}^{-1}, x_{2}x_{1}x_{3}^{-1}x_{1}^{-1}, x_{3}x_{2}x_{1}^{-1}x_{2}^{-1}\}$
. $Garrow H=G(K)$ab $\cong \mathbb{Z}$ $x_{1},$ $x_{2},$ $x_{3}$ $t\ovalbox{\tt\small REJECT}$
,
$A_{G(K)}=(\begin{array}{lll}1 t-l -\text{ }-t 1 t-1t-1 -t 1\end{array})$
. , $\Delta(G)=1-t+t^{2}$ .
33 [8] , 10
, Alexander , .
, Alexander 3.2 , $a;\mathbb{Z}Garrow \mathbb{Z}H$




(I) Alexander (Lin [10], [18], 1990 )
Alexander X.S.Lin ,
. ( ) $G$
, $G$
$\rho:Garrow GL(n, R)$ $(\begin{array}{llll}R\cdot f1\urcorner \text{ - }\text{ }R=\mathbb{Z}\text{ }(p \text{ }\end{array})$
, Jacobi G $\rho$ .
. , Alexander
$\Delta_{\rho}(G)\in$ Frac$(RH)$ $G$ . , Frac$(RH)$ $H$
. $\Delta_{\rho}(G)$ $(G, \rho)$ Alexander . ( [5] )
$G$ , Alexander
, $G$ . ( , $R=$ Fp , $Garrow GL(n, R)$
. Alexander $G$ )
(II) Alexander $(Co$chran [3], Harvey [6, $\eta$ , 2004$)$
Alexander T.Cochran , S.Haivey
. , $G$ $H$
$\Gamma$ :
$Garrow\Gammaarrow H$ .
, $\mathbb{Z}\Gamma$ ( ) Ore , , $\mathbb{Z}\Gamma$
( ) $\mathcal{K}_{\Gamma}:=\mathbb{Z}\Gamma(\mathbb{Z}\Gamma-\{0\})^{-1}$ . $\mathcal{K}_{\Gamma}$ . Ore 4
.
34 , , $\mathbb{Z}\Gamma$ Ore
$\Gamma$ . , ( , ) $G$
.
, , $\mathcal{K}_{\Gamma}$ Dieudonn\’e de-
terminant , Alexander .
[16] .
(I), (II) , Alexander
. Alexander ,
, . ,. Alexander , , .




35 Alexander , .
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4 Alexander
, Alexander Dieudonne determinant
. ( [15] )
4.1 (Dieudonn\’e determinant) ( ) $\mathcal{K}$ ,
$det:GL(\mathcal{K})arrow(\mathcal{K}^{x})^{ab}$
:
1. $\det I=1$ ,
2. $A$ $a\in \mathcal{K}^{x}$ $A’$ , $\det A’=a\cdot\det A$ .
3. $A$ $\mathcal{K}$- $A$‘ , $\det A^{/}=$
$a\cdot\det A$ .
, Dieudonn\’e determinant
. , $(\mathcal{K}$ ,
), .
, 35 .
4.2 Dieudonn\’e determinant .
,
. , Seifert
, 2- . , $n$ $\{x_{1}, \ldots,x_{n}\}$
$F_{n}$ , $\{\Gamma^{i}(F_{n})\}_{i\geq 1}$
$\Gamma^{1}(F_{n});=F_{n}$ , $\Gamma^{i}(F_{n}):=[\Gamma^{i-1}(F_{n}), F_{n}]$ $(i\geq 2)$
( $[\cdot,$ $\cdot]$ )
, $N_{k}(F_{n}):=F_{n}/\Gamma^{k}(F_{n})$ $k$- . $k\geq 2$ ,





$N_{k}(F_{n})$ ($\mathbb{Z}N_{k}(F_{n})$ ) , ,
.
43 N3( ) ,
: $x_{1}^{a}x_{2}^{b}x_{3}^{\epsilon}[x_{1},x_{2}]^{d}[x_{1},x_{3}]^{\epsilon}[x_{2},x_{3}]^{f}$ ,




, $\mathcal{K}_{N_{k}(F_{n})}$ . ,
$(f_{1}g_{1}^{-1})\cdot(f_{2}g_{2}^{-1})$ ,
$(f_{1}g_{1}^{-1})+(f_{2}g_{2}^{-1})$
( $fg^{-1}$ ) .
$\mathbb{Z}N_{k}(F_{n})$ Ore .
44(Ore Ore ) (1) $R$ Ore , $f,g\in R,$ $g\neq 0$ , $fg’=gf’$
$f’,g’\in R,$ $g’\neq 0$ .
(2) (1) , $(f’,g’)$ $(f,g)$ Ore . ( )
$R$ , Ore $g^{-1}f=f’g^{\prime-1}$ ,
.




. , $(g_{1},g_{2})$ Ore $(g_{1}’,g_{2}’)$ ,
$(f_{1}g_{1}^{arrow 1})+(f_{2}g_{2}^{-1})=(f_{1}g_{2}’+f_{2}g_{1}^{l})(g_{1}g_{2}’)^{-1}$
.
, ( 35, 42) .
45Ore , Ore ( )
.
Ore , Ore
. , $N_{k}(F_{n})$ , torsion free
, Ore . , Madlener Reinert. Gr\"obner (Madlener-Reinert [11], 1997),. Syzygy (Reinert [14], 2000)
,
fx-gy $=0$ $(f,g\in \mathbb{Z}N_{k}(F_{n}))$
$(x,y)$ .
Gr\"obner (Madlener-Reinert [11])
, Gr\"obner , 2 :. ,. Laurent .
108
, . ,
highest term . saturation
. saturation , ( ) , tuple order
s-polynomial- , .
4.6 , Gr\"obner Syzyy , ( )
. , , fx-gy $=0$
. ( ) ,
.
, Mathematica , Gr\"obner
, saturation s-polynomial Ore
, , , Ore . ,




1. Alexander Dieudom\’e determi-nant , Gr\"obner
Syzygy Ore . ,
, .
2. ,. , ,. .
,
. , Alexander Alexander
.
, , Knot2000 $(K2K)[12]$ ,
KNOT [9] . [9] Alexander . Alexander
, S. F edl KnotTwister [4] .
, :
51 Ore , . , Ore
.
52 Ore . ( )
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